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A long-range effective action is derived for strong-coupling lattice SU(2) gauge theory in D = 3 dimensions. It is shown that
center vortices emerge as stable saddlepoints of this action.
The behavior of Wilson loops Wr(C) in higher
group representations r is an important clue about the
nature of the confining force. It is well known that
the asymptotic string tension σr, in SU(N) gauge the-
ory, depends only on the N-ality of the representation
r. This follows from a simple energetics argument
based on the color screening of an external charge by
gluons. On the other hand, Wr(C) is a vacuum expec-
tation value, and it therefore carries information about
the probability distribution of vacuum fluctuations in
the absence of external sources. Since it is generally
believed that Wilson loops are disordered via the posi-
tional fluctuations of some class of large-scale confin-
ing configurations, it follows that such configurations
must have the very non-trivial property that N-ality=0
loops are somehow not disordered, and the asymp-
totic string tension induced in other loops depends
only on their N-ality. The only confining configura-
tions known to have this property are center vortices.
Confining instanton models, for example, tend to dis-
order all loops, regardless of N-ality, while monopole
Coulomb gas and dual superconductor models typi-
cally predict confinement of certain (double electric)
charges of N-ality=0. These properties are ruled out
by general arguments (screening) and by numerical
data [1].
However, if the N-ality dependence of the string
tension implies a center vortex confinement mecha-
nism, it follows that confinement in a supposedly very
well-understood case, namely, strong-coupling lattice
gauge theory in D> 2 dimensions, is also due to a vor-
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tex mechanism. In D > 2 dimensions, one can easily
demonstrate from a strong-coupling expansion that,
e.g., N-ality=0 loops have an asymptotic perimeter-
law falloff. One can, in fact, go further, and show at
strong couplings that confining disorder in D > 2 di-
mension is due to to center disorder, rather than pla-
quette disorder [2]: Consider a very large planar loop
C, and let its minimal area be subdivided into many
sub-areas bounded by large loops Ci. The question
is whether the holonomies U(Ci) are uncorrelated in
D > 2 dimensions, as they are in D = 2 dimensions.
The test is whether, in general,
〈∏
i
F [U(Ci)]〉
?
= ∏
i
〈F [U(Ci)]〉 (1)
where F[g] is any class function with
∫
dgF[g] = 0.
The equality is satisfied in D = 2 dimensions, but in
any higher dimension it can be shown that
〈∏
i
F [U(Ci)]〉 ≫∏
i
〈F [U(Ci)]〉 (2)
which means that the holonomies U(Ci) are in fact
correlated in some way. On the other hand, if z[g] ∈
ZN is the center element closest to g on the group
manifold, one finds
〈∏
i
z[U(Ci)]〉 ≈∏
i
〈z[U(Ci)]〉 (3)
to leading order in β. In other words, the
coset elements in SU(N)/ZN associated with U(Ci)
holonomies are correlated; it is the center elements
z[U(Ci)]∈ZN which are (nearly) uncorrelated [2], and
which give rise to the area law falloff.
2Contour C
Figure 1. Arrangement of U-plaquettes in a tube
around a rectangular contour C on the coarse V -
lattice.
The fact that confining disorder is essentially cen-
ter disorder provides some evidence in favor of a vor-
tex mechanism in strong-coupling lattice gauge the-
ory. But we would still like to understand more ex-
plicitly how vortices arise in this theory. Although
center vortices are certainly not stable saddlepoints of
the Wilson action, it is possible that they might be sta-
ble saddlepoints of some long-range effective action.
Vortex structure in the vacuum should become appar-
ent at length scales greater than the vortex thickness,
and this thickness is expected [3] to be on the order of
the adjoint string-breaking length, which is approxi-
mately four lattice units for β/4 ≪ 1. With this in
mind, we define an effective action Se f f on a coarse
lattice, derived by integrating out links on a finer lat-
tice, via
exp
[
Se f f [V ]
]
≡∫
DU ∏
l′
δ
[
V †l′ (UU..U)l′)− I
]
eSW [U] (4)
The length of links on the coarse V -lattice is equal
to L lattice spacings on the original U-lattice. It is
not hard to see that Se f f is non-local in D > 2 di-
mensions. For SU(2) gauge theory, Se f f will contain
large loops in all j = integer representations with only
perimeter-falloff coefficients. These terms are derived
from “tube” diagrams, as shown in Fig. 1, leading to
contributions such as
exp
[
Se f f [V ]
]
⊃
∫
DUl∈C ∏
l′∈C
δ
[
V †l′ (UU..U)l′)− I
]
×
(β
4
)4(P(C)−4)(
Tr[U(C)]
)2
Figure 2. The degrees of freedom in ˜SL[V, ˜U ].
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Figure 3. Three plaquette variables on the 2-cube.
⊃
(β
4
)4(P(C)−4)
χ1[V (C)] (5)
We would like to derive, instead, an effective action
where the leading contributions to any Wilson loop
on the V -lattice (including j = integer loops) are ob-
tained from local terms. To achieve this, working in
D = 3 dimensions, we consider integrating (in eq. (4))
all links on the the U-lattice except those belonging to
cubes of volume 23 centered at sites on the V -lattice,
as shown in Fig. 2. This procedure defines the effec-
tive action ˜SL
Z =
∫
DV
∫
∏
l∈2−cubes
d ˜Ul
∫
∏
l′′ 6∈2−cubes
dUl′′
∏
l′
δ
[
V †l′ (UU..U)l′)− I
]
eSW [U]
≡
∫
DV
∫
∏
l∈2−cubes
d ˜Ul exp
[
˜SL[V, ˜U ]
]
(6)
Introduce group-valued plaquette variables h,g ly-
ing in the 2-cubes centered at V -lattice sites, with h
variables running around plaquettes on the surface of
the 2-cube, and g variables running around plaquettes
in the interior, as indicated in Fig. 3. After integrating
over U-links not in 2-cubes, we find
Z ≈
∫
DVD ˜U exp
[β
2 ∑(Tr[h]+Tr[g])
3+2
(β
4
)4(L−2)
∑
l′
f i jkll′ Tr[h†i jVl′h†klV †l′ ]
+2
(β
4
)L2−4
∑
P′
Tr[V gVgV †g†V †g†]
]
(7)
Now change integration variables from ˜U links to pla-
quette variables h,g on 2-cubes. This introduces a
Bianchi constraint on each 1-cube [4]. Symbolically,
δ[Bianchi] = δ[hghghg− I]
= ∑
j=0, 12 ,1,..
(2 j+ 1)χ j[hghghg] (8)
After integrating over the g-variables, we obtain
(writing only terms of low order in β and h)
Z ≈
∫
DVDh ∏
2−cubes K{
1+ 2
(β
4
)3
∑
c∈K
χ 1
2
[(hhh)c]
+2
(β
4
)4
∑
ad jacent
c1c2∈K
χ 1
2
[(hhh)c1(hhh)c2 ]+ ...


× exp
[β
2 ∑Tr[h]
+2
(β
4
)4(L−2)
∑
l′
f i jkll′ Tr[h†i jVl′h†klV †l′ ]
+2
(β
4
)L2
∑
P′
Tr[VVV †V †]
]
≈
∫
DVDh exp
[
SL[V,h]
]
(9)
This resembles an adjoint-Higgs theory, with an
SU(2) gauge field Vµ coupled to 24 “matter” fields
h in the adjoint representation. Note that for coarse
lattices (large L), the “Higgs” potential term is much
larger than the “kinetic” and pure-gauge (V -plaquette)
terms, so the h-fields fluctuate almost independent of
Vµ.
Next we fix some of the h-fields by a choice of uni-
tary gauge, leaving a remnant Z2 gauge invariance,
and integrate out the remaining h d.o.f. to find
Se f f [V ]≈ Slink[V,〈h〉h]+ Splaq[V ]
= 2
(β
4
)4(L−2)
∑
l′
f i jkll′ Tr
[
〈h†i j〉hVl′〈h
†
kl〉hV
†
l′
]
+2
(β
4
)L2
∑
P′
Tr[VVV †V †] (10)
where the expectation value of the plaquette variable
hi j is determined almost entirely, at large L and small
β, by the gauge-fixed “Higgs potential” term alone
(c.f. [5] for details).
We are now ready to look for saddlepoints of this
effective action. We find that Slink is maximized at
Vµ(~n) = Zµ(~n)× g(~n)g†(~n+ µ)
Zµ = ±1 (11)
where g(~n)g†(~n+µ) is fixed by the particular unitary
gauge choice, while Splaq is maximized if ZZZZ =
+1. This is the unitary gauge ground state.
Consider a thin center vortex created on this state
by a discontinuous gauge transformation, e.g.
Zy(~n) =
{
−1 n1 ≥ 2, n2 = 1
+1 otherwise
Zx(~n) = Zz(~n) = 1 (12)
This configuration is stationary: Slink[V ] is still a
maximum, Splaq is extremal (max or min) on all pla-
quettes. Stability depends on the eigenvalues of
δ2Se f f
δVµ(n1)δVν(n2)
=
δ2Slink
δVµ(n1)δVν(n2)
+
δ2Splaq
δVµ(n1)δVν(n2)
(13)
and we find
δ2Slink
δVµ(n1)δVν(n2)
∼
(β
4
)4(L−2)+12
δ2Splaq
δVµ(n1)δVν(n2)
∼
(β
4
)L2
(14)
The crucial observation is that for β/4≪ 1 and
4(L− 2)+ 12< L2 =⇒ L≥ 5 (15)
the contribution of δ2Splaq/δVδV to the stability ma-
trix (and therefore to the eigenvalues of the stabil-
ity matrix) is negligible compared to δ2Slink/δVδV ,
which implies
4• Vortex Stability: The thin vortex is a stable
saddlepoint of the full effective action Se f f at
L≥ 5.
• Vortex Thickness: A “thin” vortex on the V -
lattice means thickness less than L on the U-
lattice. This means that stable center vortices
are ≈ 4− 5 lattice spacings thick. As it hap-
pens, this is also the distance where the ad-
joint string breaks. The correspondence be-
tween the adjoint string-breaking scale, and the
thickness of center vortices, was suggested by
us some years ago, in ref. [3], in connection
with Casimir scaling of adjoint loops.
• Percolation: From Se f f , we see that center
vortices in D=3 dimensions cost, in action,
8
(β
4
)L2
/unit length (16)
while the entropy is O(1)/unit length. Since
vortex entropy exceeds vortex action, these
configurations percolate through the lattice, and
confine N-ality 6= 0 charge.
We conclude that even in strong-coupling lattice
gauge theory, the asymptotic string tension is due to
the disordering effect of center vortices. Details of the
analysis presented here can be found in ref. [5].
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